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The structure of an interior dipole magnetic field of neutron stars in f(R) gravity is considered.
For this purpose, the perturbative approaches are used when both the deviations from general
relativity and the deformations of spherically symmetric configurations associated with the presence
of the magnetic field are assumed to be small. Solutions are constructed which describe relativistic,
spherically symmetric configurations consisting of a gravitating magnetized perfect fluid modeled by
a realistic equation of state. Comparing configurations from general relativity and modified gravity,
we reveal possible differences in the structure of the magnetic field which occur in considering
neutron stars in modified gravity.
PACS numbers: 04.40.Dg, 04.40.–b, 97.10.Cv
I. INTRODUCTION
Neutron stars represent good objects for studying physical effects of strong gravity and properties of matter under
extreme conditions which are far outside the realm of possible laboratory physics. The mean density of neutron stars
is of the order of nuclear density. Such matter cannot be obtained in a laboratory, and, therefore, it is possible to
describe it only by using some theoretical models. Their verification is carried out by analyzing and interpreting the
results of astronomical observations with subsequent refinement of original theoretical models [1].
Usually neutron stars are studied in Einstein’s general relativity (GR). However, taking into account the presence of
strong gravitational fields in such configurations, strong-field effects resulting from a consideration of modified gravity
theories (MGTs) extending GR may in general begin to manifest themselves. One of the simplest ways to modify
GR is to change the Einstein gravitational Lagrangian ∼ R by the modified Lagrangian ∼ f(R), where f(R) is some
function of the scalar curvature R. Such MGTs have initially been applied for the description of the evolution of the
very early Universe (see, e.g., the pioneering works [2]). However, after the discovery of the accelerated expansion of
the present Universe, MGTs have found some interesting applications in modeling this acceleration. In particular,
instead of introducing a special substance, called dark energy, as it is done in general relativity, in MGTs such an
acceleration can be provided without using any new fundamental ingredients (for a general review on the subject, see,
e.g., Ref. [3]).
At the present time MGTs are applied not only in describing the present acceleration of the Universe but also, for
example, in considering thick brane models [4] and in modeling the rotation curves of galaxies [5]. When scales of
objects under investigation decrease further, one may consider compact astrophysical configurations. In particular,
within the framework of f(R) gravity, this can be relativistic stars [6] or such exotic objects as wormholes [7]. However,
effects of MGTs may also manifest themselves in considering less exotic objects like neutron stars [8–12]. Considering
such objects within the framework of different types of f(R) gravities and using various equations of state for neutron
matter, one can reveal the allowed forms of f(R) satisfying the observational constraints.
Another important ingredient of neutron stars is a strong magnetic field. The measured surface magnetic fields of
such objects are in the range of 1011 − 1013 G (for the so-called “classical pulsars”) and can reach values of the order
of 1015 G for magnetars. Stellar magnetic fields are currently under intensive investigation (see, e.g., the book [13] on
stellar magnetism in general and some works [14, 15] on particular questions of the structure of strongly magnetized
configurations, and also references therein). Such studies are usually performed within the framework of GR. In turn,
there are recent researches devoted to a consideration of magnetic fields of compact stars in modified gravities [16]
and to study the influence of superstrong magnetic fields (∼ 1017 − 1018G) on the structure of neutron stars in
MGTs [17, 18]. The presence of such strong fields results in modifications of an equation of state of neutron star
matter and in changes in mass-radius relations.
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2In modeling magnetized neutron stars in modified gravity in Refs. [17, 18], the approach is employed where the
distribution of a spherically symmetric magnetic field is given by some function of baryon density. Here we want to
consider the case where a magnetic field is modeled in the form of an axially symmetric dipole field, whose distribution
is self-consistently determined from a solution of the Einstein-Maxwell equations. In doing so, we assume that the
energy density of the magnetic field is much smaller than the energy density of the neutron matter. This permits us to
make a perturbative expansion of the field equations, where axisymmetric deformations of the configuration associated
with the presence of the magnetic field are regarded as second-order perturbations to a background spherically
symmetric configuration [19].
In turn, background spherically symmetric equilibrium solutions will be sought within the framework of the per-
turbative approach to f(R) gravity from Ref. [8]. Then the resulting field equations are second-order differential
equations with respect to metric functions, instead of fourth-order equations obtained in f(R) gravity in general.
Working within the framework of the above perturbative approaches, our goal will be to clarify the influence which
the effects of modified gravity have on the structure of the interior dipole magnetic field.
The paper is organized as follows: In Sec. II we present the statement of the problem and derive the corresponding
equations in the MGT for the systems under consideration. In Sec. III we numerically solve these equations for two
special choices of the function f(R), for which we obtain distributions of the magnetic field in GR and in the MGT.
Comparing the results, we demonstrate the influence which the effects of modified gravity have on the structure and
strength of the magnetic field. Also, in Sec. IV we calculate the ellipticity of the configurations under consideration
appearing due to the presence of the axisymmetric magnetic field. Finally, in Sec. V we summarize the results
obtained.
II. STATEMENT OF THE PROBLEM AND EQUATIONS
The purpose of the paper is to study the structure of the interior magnetic field of neutron stars in f(R) gravity.
In doing so, we make use of the following simplifying assumptions [19]:
• We do not take into account rotational deformations and consider only static equilibrium magnetized configu-
rations consisting of neutron matter modeled by some realistic equation of state (EoS).
• The magnetic field is modeled in the form of an axisymmetric, poloidal magnetic field produced by toroidal
electric currents. The presence of such a field results in a deviation of the shape of the configuration from
spherical symmetry.
• We consider the case where the magnetic field strength is of the order of 1012−1015 G. In this case deviations from
the spherical shape are negligible, since the energy of the magnetic field is much smaller than the gravitational
energy [20]. This permits us to neglect in the zeroth approximation the deformations of the configuration
associated with the magnetic field and to consider such deformations as a second-order effect [see Eq. (16)
below].
• The interior of a star is assumed to be a perfectly conducting medium free of electric charges and fields.
Taking all this into account, in Sec. II A we write down the background equations for a spherically symmetric case,
and in Sec. II B we derive equations for the magnetic field.
A. Background equations
Here we consider modified gravity with the action [the metric signature is (+,−,−,−)]
S = − c
4
16piG
∫
d4x
√−gf(R) + Sm, (1)
where f(R) is an arbitrary nonlinear function of R and Sm denotes the action of matter. Such a modification of
Einstein’s GR gives new possibilities both in considering cosmological problems and in studying compact objects (see
the Introduction). However, when one varies this action, the resulting equations are in general fourth-order differential
equations for metric functions, whose study encounters the known difficulties (see, e.g., Refs. [8, 21]).
An alternative way is to introduce corrections to general relativity perturbatively, as suggested in Ref. [8]. Instead
of considering an exact theory in which the presence of higher-order derivatives assumes the occurrence of new degrees
3of freedom, in this approach deviations from GR are assumed to be small. Such an approach removes the extra degrees
of freedom and strongly simplifies the theory.
Technically this approach assumes that deviations from GR can be parameterized by a single parameter α. In this
case the gravitational Lagrangian density in (1) is chosen in the form
f = R+ αh(R) +O(α2), (2)
where h(R) is an arbitrary function of R and O(α2) denotes the possible higher-order corrections in α. In turn, metric
functions can be expanded in α as
gik = g
(0)
ik + αg
(1)
ik +O(α2),
where the superscript (0) means that the metric function is obtained in Einstein gravity, i.e., by solving second-order
differential equations. Then modified gravitational equations are obtained by varying the action (1) with (2) with
respect to the metric in the form
(1 + αhR)G
k
i −
1
2
α (h− hRR) δki + α
(
δki g
mn − δmi gkn
)
(hR);m;n +O(α2) =
8piG
c4
T ki . (3)
Here Gki ≡ Rki − 12δki R is the Einstein tensor, hR ≡ dh/dR, and ; denotes the covariant derivative.
As a matter source in these equations, we take a perfect fluid with the energy-momentum tensor
T ki = (ε+ p)u
kui − δki p, (4)
where ε and p are the fluid energy density and pressure, respectively.
To derive the modified Einstein equations and the Tolman-Oppenheimer-Volkoff equation for the fluid, we choose
the spherically symmetric line element in the form
ds2 = eν(dx0)2 − eλdr2 − r2 (dΘ2 + sin2Θ dφ2) , (5)
where ν and λ are functions of the radial coordinate r only, and x0 = c t is the time coordinate.
Following Refs. [8, 9], let us look for perturbed solutions of the field equations by expanding the required functions
in α as follows:
ν = ν(0) + αν(1) + . . . , λ = λ(0) + αλ(1) + . . . , ε = ε(0) + αε(1) + . . . , p = p(0) + αp(1) + . . . ,
where the subscript (0) again means that the functions are obtained from a solution of the Einstein equations.
Using this perturbative approach, one can derive the following (tt) and (
r
r) components of Eqs. (3):
(1 + αhR)
[
−e−λ
(
1
r2
− λ
′
r
)
+
1
r2
]
− α
{
1
2
(h− hRR) + e−λ
[
h′′R −
(
1
2
λ′ − 2
r
)
h′R
]}
=
8piG
c4
ε, (6)
(1 + αhR)
[
−e−λ
(
1
r2
+
ν′
r
)
+
1
r2
]
− α
[
1
2
(h− hRR) + e−λ
(
1
2
ν′ +
2
r
)
h′R
]
= −8piG
c4
p, (7)
where the prime denotes differentiation with respect to r and the right-hand sides have been taken from (4). Assuming
that the external spacetime is described by the Schwarzschild solution, one can introduce a new functionM(r), defined
as
e−λ = 1− 2GM(r)
c2r
. (8)
Then the surface value of M can be regarded as a gravitational mass of the configuration. Let us expand, as before,
M in α as M =M(0) + αM(1), where
M(0) =
4pi
c2
∫ rb
0
ε(0)r
2dr
is the general relativistic mass of a fluid sphere with the boundary located at the radius rb. Substituting now (8) into
(6), we have
dM
dr
=
4pi
c2
r2ε− α c
2
2G
r2
{
8piG
c4
hRε− 1
2
(h− hRR)− e−λ
[
h′′R −
(
1
2
λ′ − 2
r
)
h′R
]}
(0)
. (9)
4Here the presence of the subscript (0) by the curly brackets means that all functions in the brackets are taken from
solutions of Einstein’s general relativistic equations.
Finally, the i = r component of the conservation law, T ki;k = 0, yields the equation
dp
dr
= −1
2
(ε+ p)
dν
dr
. (10)
Altogether then, for obtaining background solutions in the MGT we will use Eqs. (7), (9), and (10) for three
unknown functions ν, λ, p. Note that in Eq. (7), as well as in Eq. (9), the terms with α are calculated by using
solutions of the Einstein equations.
Since the perturbative terms of Eqs. (7) and (9) contain the function of the scalar curvature h(R), it is convenient
to rewrite R through the trace of the energy-momentum tensor T ,
R(0) = −
8piG
c4
T(0) ≡ −
8piG
c4
(ε(0) − 3p(0)). (11)
This expression contains the pressure and the energy density determined from a solution of Eq. (10) in GR using the
corresponding EoS (see below).
B. Magnetic field equations
Consistent with the statement of the problem given at the beginning of Sec. II, static spherically symmetric con-
figurations described in Sec. II A will be used as a background for the magnetic field, which is assumed to be created
by a 4-current jµ = (0, 0, 0, jφ) [19]. For such a current, the electromagnetic 4-potential Aµ has only a φ-component
Aµ = (0, 0, 0, Aφ). In this case, taking into account the nonvanishing components of the electromagnetic field tensor
Frφ = ∂Aφ/∂r and FΘφ = ∂Aφ/∂Θ, the Maxwell equations, written in the metric (5), give the following elliptic
equation:
e−λ
∂2Aφ
∂r2
+
1
2
(ν′ − λ′) e−λ ∂Aφ
∂r
+
1
r2
∂2Aφ
∂Θ2
− 1
r2
cotΘ
∂Aφ
∂Θ
= −1
c
jφ. (12)
Its solution is sought as an expansion of the potential Aφ and the current jφ as follows [19, 22]:
Aφ =
∞∑
l=1
al(r) sinΘ
dPl(cosΘ)
dΘ
, (13)
jφ =
∞∑
l=1
jl(r) sinΘ
dPl(cosΘ)
dΘ
, (14)
where Pl is the Legendre polynomial of degree l. Substituting these expansions into Eq. (12), we have
e−λa′′l +
1
2
(ν′ − λ′) e−λa′l −
l(l + 1)
r2
al = −1
c
jl. (15)
Solution of this equation is sought for a given current jl, an equation for which will be obtained below. Since here we
consider only a dipole magnetic field for which l = 1, for convenience, we drop the subscript 1 on a and j hereafter.
For the magnetic field under consideration, the current j is not arbitrary but has to satisfy an integrability con-
dition [14, 19]. To obtain this condition, we take into account the fact that the magnetic field induces only small
deviations in the shape of the background spherically symmetric configuration. To describe these deviations, we follow
the approach adopted in Ref. [19] and expand the metric in multipoles around the spherically symmetric spacetime.
Then one can regard the deformations of the metric and of the fluid as second-order perturbations, whereas the elec-
tromagnetic field potential and the current will be regarded as first-order perturbations. In this case the corresponding
metric can be chosen in the form
ds2 = eν(r) {1 + 2 [h0(r) + h2(r)P2(cosΘ)]} (dx0)2 − eλ(r)
{
1 +
2eλ(r)
r
[m0(r) +m2(r)P2(cosΘ)]
}
dr2
−r2 [1 + 2k2(r)P2(cosΘ)]
(
dΘ2 + sin2Θdφ2
)
, (16)
where h0, h2, m0, m2, and k2 are the second-order corrections of the metric associated with the presence of the
magnetic field, and P2 denotes the Legendre polynomial of order 2.
5The total energy-momentum tensor for the system under consideration is
T ki = (ε+ p)u
kui − δki p− F kαFαi +
1
4
δki FαβF
αβ . (17)
Expand now the fluid energy density and pressure in the form
ε(r,Θ) = ε0 +
ε′0
p′0
(δp0 + δp2P2) , (18)
p(r,Θ) = p0 + δp0 + δp2P2, (19)
where the background solutions ε0, p0 and the perturbations δp0, δp2 depend on r only. Substituting these expansions
into the conservation law, T ki;k = 0, and using the metric (16) and the background equation (10), we obtain the
following i = r and i = Θ components (cf. Ref. [19]):
δp′2 = − (ε0 + p0) h′2 +
ε′0 + p
′
0
ε0 + p0
δp2 − 2
3
a′
r2
j
c
, (20)
δp2 = − (ε0 + p0) h2 − 2
3
a
r2
j
c
. (21)
The integrability condition for Eqs. (20) and (21) gives the equation for the current:
j′ −
(
2
r
+
ε′0 + p
′
0
ε0 + p0
)
j = 0, (22)
which can be integrated analytically to give
j = cjr
2(ε0 + p0), (23)
where cj is an integration constant. Thus the equation for the magnetic field (15) contains the current determined by
the expression (23).
III. NUMERICAL RESULTS
In this section we numerically integrate the obtained equations for two special choices of the function h(R). In
doing so, one needs some EoS for the neutron matter. This can be any of EoSs used in the literature in describing
matter at high densities and pressures (see, for example, Ref. [1]). Here we use the well-known SLy EoS, which can
be represented by the following analytical approximation [23]:
ζ =
a1 + a2ξ + a3ξ
3
1 + a4ξ
f(a5(ξ − a6)) + (a7 + a8ξ)f(a9(a10 − ξ))
+(a11 + a12ξ)f(a13(a14 − ξ)) + (a15 + a16ξ)f(a17(a18 − ξ)) (24)
with ζ = log(p/dyn cm−2), ξ = log(ρ/g cm−3) , where ρ is the neutron matter density and f(x) = [exp(x)+ 1]−1. The
values of the coefficients ai can be found in Ref. [23].
To model deviations from Einstein gravity, the literature in the field offers a number of functions h(R) which are
applied to modeling neutron stars and give a realistic description of mass-radius relations for such type of compact
objects. Examples of h(R) can be found, for instance, in Refs. [9, 11, 12]. For our purpose, we employ two simple
expressions [12]:
• A power law, when the gravitational Lagrangian (2) is chosen in the form
f = R+ αh(R) ≡ R+ αR2 (1 + γR) . (25)
The values of the free parameters γ and α appearing here should be constrained from observations. In the case
of pure R-squared gravity (i.e., when γ = 0) there are the following constraints on α: (i) in the weak-field limit,
it is constrained by binary pulsar data as α . 5× 1015cm2 [24]; (ii) in the strong gravity regime, the constraint
is α . 1010cm2 [9]. Since here, following Ref. [12], we consider the case where |γR| ∼ O(1), the constraints on
α can already differ from the case of pure R-squared gravity. In this connection, the values of the parameters
α and γ will be chosen so as to satisfy the observations for the mass-radius relation given in Ref. [25]. Notice
that since here we employ the metric signature distinct from that of Ref. [12], below we take α, γ with opposite
signs compared with [12].
6• An exponential law, when
f = R+ βh(R) ≡ R+ βR [exp (−R/Rch)− 1] , (26)
where Rch is some characteristic value of the curvature. Here instead of α we use the dimensionless parameter
β to distinguish this case from that of given by Eq. (25).
A. Dimensionless equations and the procedure of solving
For numerical calculations, it is convenient to rewrite Eqs. (7), (9), (10), and (15) in terms of dimensionless variables
x =
r
L
, Σ = RL2, v(x) =
M(r)
4pi10ξcL3
, j¯ =
1
10ξc/2c2
j, a¯ =
8piG
c3
10ξc/2a, (27)
where L is some characteristic length (which is taken to be L = 106 cm in the numerical calculations presented below)
and ξc is the central density. Using these variables and choosing h(R) in the form of (25), we have from (7), (9),
and (10)
ξ′ = − 1
2 ln 10
1
dζ/dξ
(
c210ξ−ζ + 1
)
ν′, (28)
−(1− µ)
(
1
x2
+
ν′
x
)
+
1
x2
+α¯
[
−2bΣ
(
1 +
3
2
γ¯Σ
)
10ζ +
1
2
Σ2 (1 + 2γ¯Σ)− 2(1− µ)Σ′ (1 + 3γ¯Σ)
(
1
2
ν′ +
2
x
)]
(0)
= −b10ζ, (29)
v′ = x210ξ−ξc − 2α¯Σ(0)
[
x210ξ−ξc
(
1 +
3
2
γ¯Σ
)
+
δ
4
x2Σ (1 + 2γ¯Σ)
+
(
1
2
x310ξ−ξc − 2δx+ 3
2
v
)
(1 + 3γ¯Σ)
Σ′
Σ
− x (δx− v) Σ
′′ + 3γ¯
(
Σ′2 +ΣΣ′′
)
Σ
]
(0)
, (30)
where the prime denotes now differentiation with respect to x, δ = c2/
(
8piGL210ξc
)
, µ = v/(δ x), α¯ = α/L2, γ¯ = γ/L2,
b = 8piGL2/c4. In the same way, one can derive dimensionless equations for h(R) from Eq. (26) (we do not show
them here to avoid overburdening the text).
These equations are to be solved subject to the boundary conditions given in the neighborhood of the center by
the following expansions:
ξ ≈ ξc + 1
2
ξ2x
2, ν ≈ νc + 1
2
ν2x
2, v ≈ 1
3
v3x
3, (31)
where the expansion coefficients are determined from Eqs. (28)-(30).
The step-by-step procedure for finding solutions is as follows. The first step is to find unperturbed solutions to
Eqs. (28)-(30), i.e., to consider the case where α¯ is set equal to zero. These solutions correspond to solutions of GR,
and we denote them by the subscript (0), i.e., ξ(0), ν(0), and v(0). Using these solutions, the dimensionless scalar
curvature from (11) is evaluated as
Σ(0) = −b
(
c210ξ(0) − 3 · 10ζ(0)) .
In the second step, the obtained solutions are used in the square brackets [. . .](0) in Eqs. (29) and (30), that permits
us to get solutions of the perturbed equations in the MGT. Let us denote these solutions by the subscript 0, i.e.,
ξ0, ν0, and v0, with a view to applying them as background solutions in calculating the magnetic field by using the
equations from Sec. II B.
Note that in making the computations the integration is performed from the center to the point xb, where the
neutron matter density decreases to the value ρb ≈ 106g cm−3. We take this point to be a boundary of the star [10].
This density corresponds to the outer boundary of a neutron star crust up to which the SLy EoS (24) remains
valid [23].
Finally, in the third step, the obtained background solutions are used for calculating the distribution of the magnetic
field along the radius of the configuration. To do this, rewrite Eqs. (15) and (23) in terms of the above dimensionless
variables:
(1− µ0)
[
a¯′′ +
1
2
(
ν′0 −
µ′0
1− µ0
)
a¯′
]
− 2
x2
a¯ = −c¯jx2
(
c210ξ0 + 10ζ0
)
, (32)
7where c¯j is the rescaled arbitrary constant from (23) and µ0(x) = v0(x)/(δ x). The boundary condition for this
equation is given by an expansion in the neighborhood of the center,
a¯ ≈ 1
2
acx
2, (33)
where ac is a free parameter. This parameter and the arbitrary constant c¯j are chosen in such a way as to (i) get a
required value of the surface magnetic field, and (ii) obtain asymptotically decaying solutions for x→∞.
There is known external solution for the electromagnetic field potential, according to which beyond the fluid a¯
decays as [19]
a¯ ∼ −x2
[
ln (1− µ0) + µ0 + 1
2
µ20
]
.
In this solution, µ0 corresponds to the external vacuum solution for the background configuration with the mass
concentrated inside the radius xb.
Finally, for the strength of the magnetic field, one can derive the following tetrad components (i.e., the components
measured by a locally inertial observer):
Brˆ = −FΘˆφˆ =
2c3
8piGL210ξc/2
a¯
x2
cosΘ, BΘˆ = Frˆφˆ = −
c3
8piGL210ξc/2
√
1− µ
x
a¯′ sinΘ. (34)
B. Structure of the magnetic field
The structure of the magnetic field is calculated for a set of configurations in the MGT with the functions (25)
and (26). As pointed out in Ref. [12], for models with these functions, there are two branches of stable solutions, i.e.,
solutions for which dM/dρc > 0, where ρc is the central density of neutron matter. One branch lies approximately in
the same range of ρc where the solutions of GR are located. Masses and sizes of such configurations are very close to
those of systems in GR, and it can be shown that the structure of the magnetic field is in practice indistinguishable
from that of neutron stars in GR. In order to not encumber the paper, here we do not consider configurations lying
on this stable branch.
However, in contrast to GR, there exists another branch of stable solutions which lies at greater central densities.
Our purpose here is to study magnetic fields of configurations in the MGT which lie on this stable branch and to
compare them to those of neutron stars in GR. The comparison is performed as follows:
• We consider pairs of configurations, each of which contains systems constructed in GR and in the MGT. The
configurations lie on two different stable branches, have different radii but the same masses.
• The free parameters of the magnetic field ac, c¯j are chosen in such a way as to provide the required surface
magnetic field Bs (say, at the pole) for all configurations, and also to obtain asymptotically vanishing solutions
for the electromagnetic potential.
For this purpose, we constructed mass-radius relations for neutron stars in GR and in the MGT shown in Fig. 1.
Here the dotted contour depicts the region of observational constraints obtained for three neutron stars [25]. Taking
into account these constraints, we chose the pairs of configurations (shown by the bold symbols in Fig. 1) so that they
were located either in the mentioned region or very close to it.
Notice that a necessary condition for the validity of the perturbative approach used here is that the maximum
value of the quantity ∆ = |αh(R)/R| would be always ∆max . 0.1 along the radius. For the configurations under
consideration, this condition is slightly violated only in the case of the model (25) with α = −30, γ = 10, when for
the configuration with M = 1.70M⊙ we have ∆max ≈ 0.19 at the center. In all the remaining cases considered here
the condition for the perturbative approach to be valid is satisfied with sufficient accuracy.
Using the expressions (34), we calculated the components of the magnetic field for the configurations of Fig. 1,
which are shown in Figs. 2 and 3. For purposes of comparison, the graphs are plotted using relative units where the
current radius x is normalized to the radius of the fluid xb, and the magnetic field is measured in units of the surface
strength Bs at the pole.
It is known from the literature that the structure of the interior magnetic field of neutron stars may depend
substantially on the choice of EoS (see, e.g., Refs. [14, 26]). Therefore, for comparing changes induced by the effects
of modified gravity over the changes arising when one modifies an EoS only, we have also considered the structure of
the magnetic field of neutron stars in GR when the fluid is modeled by two other EoSs (apart from the SLy EoS):
88 9 10 11 12 13 14
0.0
0.5
1.0
1.5
2.0
6 6
4
2
1
NS
BSk21
GR
4
2
1
NS
FPS
GR
6
565
4
4
3 3
22
1
M/M
 α=-10, γ=10
 α=-30, γ=10
 β=-0.3
 
 
R, km
1
NS
SLy
GR
FIG. 1: The mass-radius relations for neutron stars in GR (denoted as NSSLyGR , NS
FPS
GR , and NS
BSk21
GR for the SLy, FPS, and
BSk21 EoSs, respectively) and in the f(R) models (25) and (26) obtained for the SLy EoS (24). Here and in Fig. 2 the values
of the parameter α are given in units of 109cm2 and of γ – in units of (rg⊙/2)
2 [12], where rg⊙ is the gravitational radius
of the Sun. The dotted contour depicts the region of the observational constraints [25]. The numbers near the bold symbols
correspond to the configurations with the same masses equal to: for 1 – 1.24M⊙, for 2 – 1.41M⊙, for 3 – 1.50M⊙, for 4 –
1.65M⊙, for 5 – 1.70M⊙, for 6 – 1.80M⊙. The comparison is carried out for the configurations 3 and 6 [the model (25) with
α = −10, γ = 10], 2 and 5 [the model (25) with α = −30, γ = 10], 1 and 4 [the model (26) with β = −0.3] (see in the text).
the softer FPS EoS [23] and the stiffer BSk21 EoS [27]. The corresponding mass-radius curves are shown in Fig. 1,
and the distributions of the magnetic field for these EoSs – in Figs. 2 and 3 for the configurations 1, 2, 4, 6 of Fig. 1.
It is seen that the magnitude and the distribution of the interior magnetic field change substantially depending
on the specific choice of h(R) and on the values of the free parameters here used. In particular, for the case of
h(R) from (25) shown in Fig. 2 the component Brˆ may either be always greater than that of the GR case or have a
mixed behavior when it is less in the central region and then becomes greater than that of the GR case. In turn, the
behavior of the component BΘˆ also depends appreciably on the chosen values of the parameters of the systems under
consideration.
As for the influence of changes in an EoS, one can see from Figs. 2 and 3 that there are the following modifications in
the behaviour of the field along the radius of the system: (i) for the stiffer EoS (BSk21), the component Brˆ is smaller
(modulus), and for the softer EoS (FPS) – is greater, compared with the case of the SLy EoS; (ii) the magnitude of
the component BΘˆ depends on the radius where the comparison is performed, and it may either be greater or less
than that of the case of the SLy EoS. But the modifications of the field, whether they are associated with changes
in an EoS or are appeared due to the modification of gravity, are comparable to each other in magnitude. So one
may conclude that the effects of modification of gravity are just as important in their impact on the structure of the
magnetic field as are the effects associated with changes in an EoS in modeling the distribution of the magnetic field
within the framework of GR.
It is also interesting to note that, independently of EoSs used here, the qualitative behaviour of the magnetic field
of the neutron stars in GR does not change. A different situation takes place in the MGT, where there is a new type
of behavior of the component Brˆ, which may already have a maximum not at the center (as it is for the neutron stars
in GR) but somewhere in the intermediate region between the center and the edge of a star. As a result, the force
lines of the magnetic field of the neutron stars in GR and in the MGT have a qualitatively different structure in the
internal regions of the configurations. The situation is illustrated by Fig. 4, which shows the typical distributions of
the force lines: if the maximum value of the field strength of the systems in GR is always located at the center, the
maximum of the field for the neutron stars in the MGT is shifted away from the center.
9FIG. 2: The tetrad components Brˆ and BΘˆ of the magnetic field (in units of the surface strength of the magnetic field Bs at
the pole) in GR and in the f(R) model (25) evaluated on the symmetry axis (Θ = 0) and in the equatorial plane (Θ = pi/2),
respectively, are shown as functions of the relative radius x/xb. The curves are plotted for the configurations shown in Fig. 1
by the bold symbols. The thin vertical lines correspond to the boundary of the fluid. The numbers near the curves denote
masses of the configurations (in solar mass units).
FIG. 3: The same as in Fig. 2 for the model (26). The constant Rch = −0.5 (rg⊙/2)
−2 [12].
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FIG. 4: Equipotential lines of the total magnetic field strength B (the solid lines) and magnetic field lines (the dashed lines) for
the configurations 5 and 4 of Fig. 1 with the SLy EoS. The figure shows plots for the neutron stars in the f(R) model (25) with
α = −30, γ = 10 [Fig. (a)] and in the model (26) with β = −0.3 [Fig. (b)]. The plots are made in a meridional plane φ = const.
spanned by the coordinates x = r sinΘ and z = r cosΘ. The numbers near the solid curves correspond to the magnitude of B
in units of Bs at the pole. The thin-line circles denote the boundary of the neutron fluid, possessing the radius R⋆.
Note that Eqs. (15) and (22) are invariant under the transformation a, j → κa, κj, κ being any constant. Corre-
spondingly, the components of the magnetic field given by Eq. (34) transform as Brˆ, BΘˆ → κBrˆ, κBΘˆ. Then, if one
simultaneously replaces Bs by κBs, the graphs shown in Figs. 2-4 remain unchanged for any value of the field, and the
dimensional values (in gauss) of the strength of the magnetic field are obtained on multiplying these graphs by the
required surface value Bs. Of course, this holds true only within the perturbative approximation used here when one
can neglect the influence of the magnetic field on the background configurations. In particular, the obtained graphs
can be applied both to the “classical pulsars” (for which Bs ∼ 1012 G) and to magnetars (for which Bs ∼ 1015 G).
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FIG. 5: Ellipticity for the configurations with the SLy EoS. The bold dots denote systems in the MGT, whose masses are given
in the caption of Fig. 1. The ellipticity for the configurations 1, 4 is calculated in the model (26) with β = −0.3; for the systems
3, 6 – in the model (25) with α = −10, γ = 10; for the systems 2, 5 – in the model (25) with α = −30, γ = 10.
IV. ELLIPTICITY
The presence of the axisymmetric magnetic field results in a deviation of the shape of the configurations from
spherical symmetry. As pointed out at the beginning of Sec. II, such deviations are small for magnetic field strengths
considered in the present paper. Nevertheless, it is of some interest to compare these deviations for neutron stars in
GR and in the MGT.
To do so, following Ref. [19], let us introduce the ellipticity of a star
ellipticity ≡ (equatorial radius)–(polar radius)
(mean radius)
=
2cj
rν′0
a+
3h2
rν′0
− 3
2
k2. (35)
The physical meaning of the components on the right-hand side of this expression is as follows. The first term
corresponds to the Lorentz force, the second one describes the perturbation of the gravitational potential arising due
to the presence of the magnetic field, and the third one – the perturbation of the circumferential radius.
To calculate the functions h2 and k2 appearing in Eq. (35), let us employ the following equations [19] (see also in
Ref. [28]):
h′2 + k
′
2 =
(
1
r
− 1
2
ν′0
)
h2 +
(
1
r
+
1
2
ν′0
)
m2
r(1 − µ0) +
16piG
3c4
aa′
r2
, (36)
k′′2 −
[
µ′0
2(1− µ0) −
3
r
]
k′2 −
1
r2(1− µ0)
[
2k2 +m
′
2 +
3m2
r(1 − µ0)
]
=
4piG
c4
1
1− µ0
(
−ε
′
0
p′0
δp2 +
1− µ0
3
a′2
r2
− 4
3
a2
r4
)
. (37)
Here the function m2 is defined by the expression
m2 = r(1 − µ0)
[
−h2 + 8piG
3c4
(1− µ0)a′2
]
,
and δp2 is taken from Eq. (21). To obtain regular solutions, we choose the boundary conditions for these equations
in the form
h2 ≈ 1
2
h2cr
2, k2 ≈ 1
2
k2cr
2, (38)
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where the expansion parameters appearing here are constrained as follows [28]:
h2c + k2c =
2
3
a2c .
Using the dimensionless variables (27), we numerically solved Eqs. (28)-(30), (32), (36), and (37). The results for
the ellipticity (35) are shown in Fig. 5. To compare our results with those of Ref. [19], we normalized the ellipticity
by M2R2⋆/I2 and employed geometric units c = G = 1. Here I is the moment of inertia of a star of radius R⋆,
M = BsR3⋆ is the typical magnetic dipole moment.
One can see from Fig. 5 that, in contrast to neutron stars with a polytropic EoS of Ref. [19], the ellipticity of the
neutron stars with the SLy EoS in GR considered here becomes smaller as the relativistic factor M/R⋆ increases. In
turn, it is seen that for a fixed M/R⋆ the ellipticity of the neutron stars in the MGT is always smaller than that
in GR.
V. CONCLUSION
We have studied equilibrium, gravitating configurations within the framework of f(R) gravity consisting of a
strongly magnetized neutron fluid. In doing so, two simplifying approaches have been used: (i) The energy density
of the magnetic field (modeled here in the form of a dipole field) was assumed to be much smaller than the energy
density of the neutron matter. The axisymmetric deformations of a star associated with the dipole field are small
that allows one to consider them as second-order corrections to the background configurations and to employ the
perturbative approach of Ref. [19] in describing such systems. (ii) As the background configurations, neutron stars
modeled in perturbative f(R) gravity have been used. As shown in Ref. [12], such configurations, in contrast to GR,
may possess not just one but two branches of stable solutions, and for the SLy EoS the new branch can describe the
observational data even better than this is done in GR.
Working within the framework of these perturbative approaches, our goal was to clarify the question of how the
presence of higher-order corrections to Einstein’s GR may influence the structure of the magnetic field. For this
purpose, we compared configurations with equal masses from GR and from the MGT lying on different branches of
stability. The main results of the studies can be summarized as follows:
(i) Neutron stars have been modeled using the SLy EoS (24) and two types of the function f(R): in the form
of a power law (25) and in the exponential form (26). For these models, the mass-radius relations have been
constructed (see Fig. 1), using which we have chosen the pairs of configurations (each of which contains systems
from GR and from the MGT) satisfying the current observational constraints.
(ii) For these pairs, it was shown that the distribution of the interior magnetic field depends substantially on the
specific choice of h(R) and on the values of the free parameters here used (see Figs. 2-4). At the same time,
from the point of view of a distant observer, configurations which enter in each of the pairs possess the same
masses and surface strengths of the magnetic field, and also have similar distributions of the external magnetic
field.
(iii) As was shown earlier in modeling neutron stars in f(R) gravity (see, e.g., Refs. [10, 11]), the deviations from
GR manifest themselves mainly near the surface of a star. This can affect, in particular, the redshift of spectral
lines of the star’s atmosphere [11]. On the other hand, we have shown here that the magnetic field, on the
contrary, differs appreciably from GR mainly in the internal regions of a star, whereas its behavior near the
surface is practically the same as that of stars from GR.
(iv) Using two other EoSs (the softer FPS EoS and the stiffer BSk21 EoS), we have considered the structure of the
magnetic field of neutron stars in GR for comparing changes induced by the effects of modified gravity over the
changes arising when one modifies an EoS only. It was shown that the effects of modification of gravity are just
as important in their impact on the structure of the magnetic field as are the effects associated with changes in
an EoS in modeling the distribution of the magnetic field within the framework of GR.
(v) The ellipticity of the configurations arising due to the presence of the magnetic field has been calculated. It
was shown that for a fixed value of the relativistic factor M/R⋆ the ellipticity of neutron stars in GR is always
larger than that of systems in the MGT (see Fig. 5).
Thus it is seen that the structure of the interior magnetic field may depend substantially not only on the physical
properties of neutron matter (given by different choices of EoSs, as demonstrated, for instance, in Refs. [14, 26] and
here, see Figs. 2 and 3) and on the form of internal electric currents but also on which type of gravitational theory is
used in modeling neutron stars. Note also that these differences already manifest themselves within the framework of
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the perturbative approaches used here in describing the modified gravity and magnetic fields. Beyond the framework
of these approaches, one may expect the appearance of new changes in the structure of magnetic fields associated
with the influence of modifications of Einstein’s GR. This is a possible subject for further investigation.
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